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We theoretically studied the frequency-dependent current response of the bulk state of topological
insulator HgTe/CdTe quantum well. The optical conductivity is mainly due to the inter-band
process at high frequencies. At low frequencies, intra-band process dominates with a dramatic
drop to near zero before the inter-band contribution takes over. The conductivity decreases with
temperature at low temperature and increases with temperature at high temperature. The transport
scattering rate has an opposite frequency dependence in the low and high temperature regime. The
different frequency dependence is due to the interplay of the carrier-impurity scattering and carrier
population near the Fermi surface. VC 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4902411]
Topological insulators (TIs) are a sort of bulk insulators
with strong intrinsic spin orbit coupling, which leads to the
formation of topological edge (in two dimensional, 2D) or
surface (in three dimensional, 3D) states that are ambipolar
metallic Dirac cone structure.1–5 These Dirac cones are well
protected by the time reversal symmetry and exhibit peculiar
properties such as intrinsic quantum spin Hall effect,2,6 dissi-
pationless transport property,7 and spin texture determined
by the direction of momentum due to the spin-momentum
lockage.8 Since graphene has been proven to be a failure as
TI material owing to the weak spin orbit coupling,9,10
Bernevig et al.2 proposed a prediction that HgTe/CdTe QW
could be an ideal 2D TI, which was soon proved by Konig
et al.6 in experiment in 2007. In HgTe/CdTe QW, two CdTe
barrier layers sandwich on one HgTe layer, constructing a
2D electron gas (2DEG) confined in the 2D HgTe “well.” In
this system, the energy gap of the electron band structure is
controllable by modifying the thickness of HgTe “well.”6,11
For example, when the thickness of the “well” increases up
to a critical value, 6.3 nm, there appears an inverted band
structure, where the s-like C6 band is pulled down below the
p-like C8 band because of the enhanced strong spin obit cou-
pling.2,12 In the inverted band regime, the measured plateau
of residual conductance was very close to the predicted value
2e2/h, where e is the electron charge, and h is the plank’s
constant.6
There has been a myriad of research, both experimen-
tally and theoretically, focusing on electron transports of the
surface and bulk state of TIs.13–19 However, when proceed-
ing transport measurements of the topological edge or
surface, the bulk response would significantly interrupt the
surface signal. The response from the bulk would certainly
be annoying if one cannot distinguish the different between
the edge or surface and bulk. It has been suggested20 that in
order to access the surface properties, the chemical potential
should be confined within the bulk gap and right on the
Dirac point. Kim et al.5 demonstrated a gate electrode to
control the bulk carrier density of Bi2Se3, where surface
transport was strongly electrostatically coupled when the
bulk carriers were removed completely. Another efficient
way to tune the Fermi level into the bulk gap is by doping.
Successful examples have been reported on Ca, Sb, and Mg
doped Bi2Se3 and Sn doped Bi2Te3.
21–24
However, our interest will be focused on 2D HgTe/
CdTe QW TIs, on which the edge state is one dimensional. It
has been reported that the carrier density of HgTe/CdTe QW
can be reduced to the magnitude of 1011 cm2 in a highly
pure sample.6 Even in such low carrier density system, we
noticed that in the case of d¼ 7.0 nm, the Fermi energy,
EF¼ 0.012 eV, still lies in the valence band. In this case, the
edge response is totally overwhelmed by the bulk state in the
electron transport measurements,15,16 as it is estimated only
approximately one in 108 electrons residing near the edge
comparing with bulk.25 Thus, it is of equal importance to
investigate the transport properties of the bulk in order to
interpret HgTe/CdTe QW TI overall.
In this paper, we will study the frequency dependent
conductivity of the bulk of 2D topological insulator system,
HgTe/CdTe QWs. In low dimensional electronic systems,
electron-impurity and electron-phonon interaction can give
rise to strong frequency and temperature dependence of
the transport scattering time.26,27 Here, we investigate
the dynamics conductivity of HgTe/CdTe QW due to
electron-random impurity interaction. Under small excita-
tion energy, only the intra-band excitation contributes to
the conductivity, since there is a significant gap lying
between the conductance- and the valence-band. We will
also discuss on the effect due to the temperature dependent
dielectric function.
We considered an n-type HgTe/CdTe QW lay in the x-y
plane, the thickness along z direction is 7.0 nm. Under a
weak time-dependent electric field, E ¼ E0eixt, the manya)czhang@uow.edu.au
0003-6951/2014/105(20)/202110/5/$30.00 VC 2014 AIP Publishing LLC105, 202110-1
APPLIED PHYSICS LETTERS 105, 202110 (2014)
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:
130.130.37.85 On: Wed, 26 Nov 2014 03:48:51
body Hamiltonian of the system, in second quantized nota-
tion, is written as
H ¼ H0 þ Hee þ HeI; (1)
H0 ¼
X
k;s
eðkþAÞ;sa
†
k;sak;s;
Hee ¼ 1
2
X
k;k0;q;ss0s0 0s000
V qð Þ u†kþq;suk;s000u
†
k0q;s0uk0;s00
h i
 a†kþq;sa
†
k0q;s0ak0;s0 0ak;s000 ;
HeI ¼ Z
ð
dqV qð Þ
X
i
eiqRi
X
k;s
a†kþq;sak;sðu
†
kþq;suk;sÞ:
Here, A in the subscription is the vector potential of
the external electric field, A ¼ E0eixt=ðixÞ. H0 is the non-
interacting Hamiltonian of 2D system with the energy
dispersion given by Ref. 28: eðkÞ ¼ C Dk2
þs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM  Bk2Þ2 þ A2k2
q
, where s¼61 and A is just a pa-
rameter, which should not be confused with the vector poten-
tial written in bold style. The values of A, B, D, and M are
taken from Ref. 28, for the sample 7.0 nm in thickness,
which are 364.5 meV nm, 686 meV nm2, 512 meV nm2,
and 10 meV, respectively. He-e is the electron-electron
interaction and He-I the electron-random impurities interac-
tion. a†k;s and ak;s are the creation and annihilation operators
for an electron with momentum k and spin s. V(q)¼ e2/jsq is
the Fourier transformed electron-electron Coulomb potential,
js is the background static dielectric constant. For CdTe,
js¼ 9.4.29 Ri is the position of the ith ion. uk;s is the wave
function of an electron in the HgTe/CdTe QW.
The total average current density of the system is
defined by j ¼ cð@H=@AÞ. To the lowest order of the electric
field (linear response), the current density is given as
jk;a ¼ e
X
k;a
ð2DeA 2Dkþ Rk;skÞha†k;aak;ai; (2)
where,
Rk;s ¼
A2  2BM þ 2B2k2
s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M  Bk2ð Þ2 þ A2k2
q :
We rewrite the total average current density in two parts
(scattering-free and scattering), jðxÞ ¼ jsf ðxÞ þ jscðxÞ. The
scattering-free part is given as
jsf xð Þ ¼ 2Dð Þ ie
2
x
E
X
k;a
ha†k;aak;ai ¼ 
2mD
h2
 
ine2
mx
E
¼  2mD
h2
 
r0E; (3)
where r0 ¼ ine2=mx is the Drude conductivity in the ab-
sence of electron-impurity scattering and D is just a pa-
rameter of the material which is independent of the
frequency. While jscðxÞ is the current including
scattering
jscðxÞ ¼ e
X
k;a
ð2Dþ Rk;sÞkha†k;aak;ai: (4)
Now, let us defined the single-electron density matrix
element between states hk; aj and jkþ p; a0i. Thus,
Fa0aðkþ q; k; tÞ ¼ ha†k;aakþq;a0 i, a¼61 corresponds to the
valence and conductance band. The equation of motion for
the single-electron density matrix element is28–30
i
@
@t
Fa0a kþ p; k; tð Þ
¼ 1
h
Fa0a kþ p; k; tð Þ;H½ 
¼ 1
h
e kþpþAð Þ  e kþAð Þ½ Fa0a kþ q; k; tð Þ
þ 1
h
X
q
V qð Þ n qð Þ  Z
X
i
eiqRi
 

X
s¼61
ðu†kþq;suk;aÞFa0s kþ p; kþ qð Þ

ðu†kþq0;a0ukþpq;sÞFsa kþ p–q; kð Þ

: (5)
We have neglected the nonlinear terms in the external
field. The electron density of the system is written as
nðqÞ ¼
X
s;s0¼61
X
k
u†k;sukþq;s0Fs0sðkþ q; kÞ
 
: (6)
Let p¼ 0, the expression for jscðxÞ is given as
jsc xð Þ ¼ Ze
x
X
q
V qð Þ
X
i
eiqRi

X
k;aa0
k Rkþq;a0  Rk;að Þ þ q Rkþq;a0  2Dð Þ
 
 u†k;aukþq;a0
	 

Fa0a kþ q; kð Þ
h i
: (7)
In arriving at Eq. (7), we have used the following property
for an isotropic system:
X
q

VðqÞnðqÞ
X
k
X
aa0
½Tkþq;a0 ðkþ qÞ  Tk;ak
 ðu†k;aukþq;a0 ÞFa0aðkþ q; kÞ

¼ 0:
We now present the main results. In the absence of the
impurities and the applied field, electrons are free and are
described by the Fermi-Dirac distribution, f ¼ 1
1þebðeklÞ,
where b ¼ 1=kBT, kB is the Boltzmann constant, and l is the
chemical potential. The zeroth-order density matrix element
is given as F
ð0Þ
a0aðkþ q; k; tÞ ¼ fkdk;0da0a.
In the first order approximation, we treat the external
field to be zero and determine the change of the static elec-
tron density matrix due to the impurities. From Eqs. (5) and
(6), we obtain the first order density matrix self-consistently
F 1
ð Þ
a0a kþ q; k; tð Þ ¼ Z
fkþq;a0  fk;a
ekþq;a0  ek;a
V qð Þ
1
j q; 0ð Þ
 X
i
eiqRi :
(8)
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Here, jðq;xÞ the dielectric function is defined as
jðq;xÞ ¼ 1 VðqÞPðq;xÞ, P ðq;xÞ is the polarization
function
P q;xð Þ ¼
ð
dk
4p2
X
a0a
ju†kþq;a0uk;aj
2 fkþq;a0  fk;að Þ
Ekþq;a0  Ek;a  x id
d! 0ð Þ:
Next, we consider the time-dependent part of the single-
electron density matrix element F(2) under the influence of
the external field and of the impurities. From F(2), the con-
ductivity can be determined.26,30,31 For the conductivity, we
consider our system to be isotropic and j is parallel to E. We
also assume that the external electric field is aligned to the x
direction. The current is now given as
jscx xð Þ ¼
iZne4
8pjsx3
Iq xð ÞE: (9)
Iq xð Þ¼
ð
dq
V qð Þ
j q;0ð Þ
V qð Þ
j q;xð Þ
P2 q;xð Þ
(
 P2 q;xð ÞP2 q;0ð ÞþqP4 q;xð ÞqP4 q;0ð Þ
 
þ2q P3 q;xð ÞP3 q;0ð Þ
 
þq2 P5 q;xð ÞP5 q;0ð Þ
 
þ P1 q;xð ÞP1 q;0ð Þ
 
4Dq P2 q;xð ÞP2 q;0ð Þ
 
þ
V qð Þ
j q;xð Þ
P4 q;xð Þ qP2 q;xð ÞqP2 q;0ð Þ

þq2P4 q;xð Þq2P4 q;0ð Þ
)
: (10)
We have the short hand notation
Pi q;xð Þ ¼
X
k;aa0
Qi
ju†k;aukþq;a0 j
2 fkþq;a0  fk;að Þ
Ekþq;a0  Ek;a  hxð Þ
;
where the Qis are the functions of k: Q1 ¼ ðRkþq;a0  Rk;aÞ2k2,
Q2 ¼ ðRkþq;a0  Rk;aÞk cos hkq, Q3 ¼ ðRkþq;a0  Rk;aÞRkþq;a0
k cos hkq, Q4 ¼ ðRkþq;a0  2DÞ, and Q5 ¼ ðRkþq;a0  2DÞ2.
The total current density up to the second order in
electron-impurity scattering is written as
jx xð Þ¼ jsfx xð Þþ jscx xð Þ¼ 2mD
Z2
8p
rs
c2
Iz cð Þ
 !
r0E: (11)
We shall use the dimensionless notation z¼ q/kF, c¼x/l.
rs¼m*e2/(h2kF), taking m*¼ 0.015 m, kF, the Fermi wave
vector, can be calculated self-consistently from carrier den-
sity. Although many terms appeared in Eq. (10), the domi-
nant contribution is from P4 and P5. The real part of the
conductivity can be written as
Z2
8p
rs
c2
r0E
ð
z2dz
V zð Þ
j z; 0ð Þ
 ImP5 z; cð Þ þ
V zð ÞP4 z; cð Þ
j z; cð Þ
P4 z; cð Þ P4 z; 0ð Þ
 ( )
:
Compared to a free 2D electron gas where the conductivity
is solely determined by the dielectric function, the conduc-
tivity in HgTe/CdTe QW has a more complicated
dependence on the electronic transitions (wavefunction over-
laps and transition energies). An extra term, ðRkþq;a  2DÞ,
appears in the dielectric function and the conductivity. This
term arises from of the velocity v at the valence band below
Fermi level: v ¼ @ek@k ¼ 2Dþ Rk;að Þk.
In Fig. 1, we present the real part of the conductivity at
two different chemical potentials at 0 K. A minimum
conductivity can be found soon after a dramatic drop at low
frequency regime, and then increase apparently with a very
broad absorption peak. This minimum point distinguishes
the intra- and inter-band excitation, and the larger Fermi
energy, the higher frequency the minimum conductivity lies
at, e.g., near x¼ 0.1 eV for l¼ 50 meV and near
x¼ 0.01 eV for l¼ 12 meV. Under a weak excitation, intra-
band excitation dominates with a very fast decrease to near
zero before the inter-band contribution takes over. The inter-
band excitation contribution enhanced with smaller Fermi
energy, as there are more empty excited states on valence
band at lower doping level, which hence raise the transition
probability for the conduction electrons.
In Fig. 2, we plot the real part of conductivity of
l¼ 12 meV, as a function of frequency at temperatures 0 K,
4 K, 77 K, and 300 K. At this frequency range which is much
lower than the band gap, the conductivity is due to the contri-
bution from intra-band excitations only. We can make some
interesting observations. At fixed temperature, the conductiv-
ity decreases rapidly with the frequency at low frequency.
This is consistent with the inverse power law dependence of
electron-impurity scattering. The temperature dependence of
the conductivity is shown in Fig. 3. At low temperature and
for low frequency the conductivity decreases with the
increasing temperature. This is mainly due to that the ther-
mal excitation reduces the allowed phase space for intra-
band transitions (defined by fkþq;a0  fk;a). Thus, the electron
density correlation function (the Pi functions) decreases
with the increasing temperature. Also at low frequency, the
dielectric function is close to its static limit and weakly fre-
quency dependent. As a result, the conductivity decreases as
temperature increases. At high temperatures, more thermally
FIG. 1. The real part conductivity as a function of frequency at different
chemical potential 12 meV and 50 meV, r0 is normalized to
n¼ 1 1011 cm2.
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excited carriers reduce the dynamic screen and the electron-
impurity scattering is stronger. This leads to that the conduc-
tivity increases with temperature. The turnaround in the
temperature dependence gives rise to a conductivity mini-
mum in the low temperature regime. At frequency of 0.1
x/l, the minimum is at around 50 K, for high frequencies,
the dynamical screening dominates in the whole temperature
regime and conductivity increases with temperature monot-
onically. It is worth to point out that the temperature contri-
bution from the dielectric function has no effect on the inter-
band excitation, since the gap plus the Fermi energy is much
larger than room temperature thermal effect.
By comparing Eq. (11) to the Drude model r ¼ ine2m xþi=sð Þ,
the inverse scattering time can be identified, s1 ¼ ðZrs=
16pmDcÞImIzðxÞ. The frequency dependent inverse scatter-
ing time for l¼ 12 meV is plotted in Fig. 4. The inverse scat-
tering time depends on the frequency very differently in the
low temperature regime and in the high temperature regime.
When the temperature is low, the scattering is mainly due the
electrons near the Fermi surface. Electron-impurity scattering
by these electrons is inversely proportional to the frequency.
As frequency increases, electrons travel a shorter distance
between scatterers and suffer less scattering. This picture is
consistent with the Drude conductivity for degenerate elec-
trons. In the high temperature regime, more electrons away
from the Fermi level can participate in the electron-impurity
scattering. These thermally excited electrons interact with
photons and impurities. As frequency increases, more ther-
mally excited electrons from deep inside the Fermi sphere
can simultaneously satisfy energy and momentum conserva-
tion required in a scattering event. As a result, the scattering
rate increases with the frequency.
In summary, by using the quantum equation of motion
for electron density matrix, we have calculated the frequency
dependent conductivity of HgTe/CdTe QWs in the presence
of random impurities. Both the frequency dependence and
the temperature dependence of conductivities and the inverse
scattering time are presented. The inverse transport scatter-
ing time decreases with the frequency in the low temperature
regime and increases with the frequency in the high tempera-
ture regime. Our analysis is based on that the single particle
scattering probability decreases with the frequency and that
the number of electrons satisfying scattering condition at
high temperature increase with the frequency.
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